ON THE LACK OF COMPACTNESS IN THE 2D CRITICAL 
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Abstract. This paper is devoted to the description of the lack of compactness of 
^■rad(^^) t'^^ Orhcz space. Our result is expressed in terms of the concentration- 
type examples derived by P. -L. Lions in '3D'. The approach that we adopt to 
establish this characterization is completely different from the methods used in 
the study of the lack of compactness of Sobolev embedding in Lebesgue spaces 
and take into account the variational aspect of Orlicz spaces. We also investigate 
the feature of the solutions of non linear wave equation with exponential growth, 
where the Orlicz norm plays a decisive role. 
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1. Introduction 

1.1. Lack of compactness in the Sobolev embedding in Lebesgue spaces. 

Due to the scaling invariance of the critical Sobolev embedding 

in the case where d > 3 with < s < d/2 and p = 2d/{d — 2s), no compactness 
properties may be expected. Indeed if u G if* \ {0}, then for any sequence 
of points of M'^ tending to the infinity and for any sequence (hn) of positive real 
numbers tending to or to infinity, the sequences {ry^u) and {5h„u), where we de- 
note 5h^u{-) = -t'w(t-), converge weakly to in H'^ but are not relatively compact 

in since ||Ty^M||Lp = \\u\\lp and = \\u\\lp- 

After the pioneering works of P. -L. Lions [30] and |31], several works have been 
devoted to the study of the lack of compactness in critical Sobolev embeddings, 
for the sake of geometric problems and the understanding of features of solutions 
of nonlinear partial differential equations. This question was investigated through 
several angles: for instance, in [13] the lack of compactness is describe in terms of 
defect measures, in [15] by means of profiles and in [23] by the use of nonlinear 
wavelet approximation theory. Nevertheless, it has been shown in all these results 
that translational and scaling invariance are the sole responsible for the defect of 
compactness of the embedding of into and more generally in Sobolev spaces 
in the L"^ frame. 

As it is pointed above, the study of the lack of compactness in critical Sobolev 
embedding supply us numerous information on solutions of nonlinear partial differ- 
ential equations whether in elliptic frame or evolution frame. For example, one can 
mention the description of bounded energy sequences of solutions to the defocusing 
semi-linear wave equation 

Du + u^ = 

in M X M^, up to remainder terms small in energy norm in [3] or the sharp estimate 
of the span time life of the focusing critical semi-linear wave equation by means of 
the size of energy of the Cauchy data in the remarkable work of [25] . 

Roughly speaking, the lack of compactness in the critical Sobolev embedding 

in the case where d > 3 with < s < d/2 and p = 2d/{d — 2s), is characterized 
in the following terms: a sequence (Mn)neN bounded in H'^iM.'^) can be decomposed 
up to a subsequence extraction on a finite sum of orthogonal profiles such that the 
remainder converges to zero in Lp(]R'^) as the number of the sum and n tend to oo. 
This description still holds in the more general case of Sobolev spaces in the L'^ 
frame (see [2B]). 
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1.2. Critical 2D Sobolev embedding. It is well known that if^(M^) is continu- 
ously embedded in all lebesgue spaces L^(]R^) for 2 < p < oo, but not in L°°(]R^). 
A short proof of this fact is given in Appendix A for the convenience of the reader. 
On the other hand, it is also known (see for instance [25j) that if^(]R^) embed in 
BMO(M^)nL^(]R^), where BMO{R'^) denotes the space of bounded mean oscillations 
which is the space of locally integrable functions / such that 

WfllsMO =^ sup -^v / \f - f B\dx < OO with =^ / / dx. 
B \-d\ Jb Jb 

The above supremum being taken over the set of Euclidean balls -B, | ■ | denoting 
the Lebesgue measure. 

In this paper, we rather investigate the lack of compactness in Orlicz space C 
(see Definition 11.11 below) which arises naturally in the study of non linear wave 
equation with exponential growth. As, it will be shown in Appendix B, the spaces 
C and BMO are not comparable. 

Let us now introduce the so-called Orlicz spaces on M"^ and some related basic 
facts. (For the sake of completeness, we postpone to an appendix some additional 
properties on Orlicz spaces). 

Definition 1.1. 

Let (j) : ]R+ — > IR+ he a convex increasing function such that 

0(0) = = lim 0(s), lim 0(s) = oo. 

s->0+ s-s>oo 

We say that a measurable function m : M'' — )■ C belongs to if there exists A > 
such that 



\u[x) 



dx < oo. 



We denote then 

(1) = inf I a > 0, j 1^^^^ dx < 1 

It is easy to check that is a C- vectorial space and || ■ H^.^. is a norm. Moreover, 
we have the following properties. 

• For 0(s) = s^, 1 < p < oo, is nothing else than the Lebesgue space L^. 

• For (pais) = e"** — 1, with a > 0, we claim that L'^" = L'^^. It is actually a direct 
consequence of Definition 11.11 

• We may replace in ([1]) the number 1 by any positive constant. This change the 
norm || ■ ||j;^</> to an equivalent norm. 

• For M G L*^ with A := > 0, we have the following property 

(2) |a>0, y dx = [A,oo[. 

In what follows we shall fix d = 2, (j){s) = e'^ — 1 and denote the Orlicz space 
by C endowed with the norm || • ||£ where the number 1 is replaced by the constant 
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K that will be fixed in Identity (jH]) below. As it is already mentioned, this change 
does not have any impact on the definition of Orlicz space. It is easy to see that 
L'-^ U for every 2 < p < oo. 

The 2D critical Sobolev embedding in Orlicz space C states as follows: 
Proposition 1.2. 

(3) II^^IU < —7=\\u\\m- 

V47r 



Remarks 1.3. 

a) Inequality is insensitive to space translation but not invariant under scaling 
nor oscillations. 

b) The embedding of H^{M.'^) in C is sharp within the context of Orlicz spaces. In 
other words, the target space C cannot be replaced by an essentially smaller Orlicz 
space. However, this target space can be improved if we allow different function 
spaces than Orlicz spaces. More precisely 

(4) H^R"^) ^ BW{R'^), 

where the Brezis-Wainger space BWlR"^) is defined via 

where u* denotes the rearrangement function of u given by 

= inf I A > 0; > A}| < t }. 

The embedding (jl]) is sharper than ^ as BWi^^) ^ C,- It is also optimal with 
respect to all rearrangement invariant Banach function spaces. For more details on 
this subject, we refer the reader to [IDl 1121 [HI [13 [S3] • 

c) In higher dimensions (d = 3 for example), the equivalent of Embedding (j4]) is 

where L^'^ is the classical Lorentz space. Notice that L^'^ is a rearrangement invari- 
ant Banach space but not an Orlicz space. 

To end this short introduction to Orlicz spaces, let us point out that the embed- 
ding (|3]) derives immediately from the following Trudinger-Moser type inequalities: 

Proposition 1.4. Let a G [0,47r[. A constant Ca exists such that 



(5) / (e"l"l' -l) dx< c. 



\u\ 



L2 



for all u in H^iR"^) such that || Vm||l2(ir2) < 1. Moreover, if a > 47r, then ^ is 
false. 

A first proof of these inequalities using rearrangement can be found in [1]. In 
other respects, it is well known (see for instance [10]) that the value a = An becomes 
admissible in (E]) if we require ||'u||ji^i(ir2) < 1 rather than || V'u||2,2(k2) < 1. In other 
words, we have 
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Proposition 1.5. 

(6) 



sup / (e'^"!"!' -l) dx:=K 



< oo, 



and this is false for a > Att. 

Now, it is obvious tliat Estimate (jS]) allows to prove Proposition 11.21 Indeed, 
without loss of generality, we may assume that ||m||_h-i = 1 which leads under Propo- 
sition [T3] to the inequality \\u\\c < which is the desired result. 



Remark 1.6. Let us mention that a sharp form of Trudinger-Moser inequality in 
hounded domain was obtained in [2j . 

1.3. Lack of compactness in 2D critical Sobolev embedding in Orlicz space. 

The embedding ^ £ is non compact at least for two reasons. The first reason 
is the lack of compactness at infinity. A typical example is Uk{x) = ip{x + Xk) where 
7^ (y9 G P and \xk\ — oo. The second reason is of concentration-type derived by 
P.-L. Lions [201 EI] and illustrated by the following fundamental example defined 
by: 

if Ixl > 1, 



log \x\ 
\J1a-K 



if 



if 



< Ixl < 1, 



Ixl < e 



where a > 0. 



Straightforward computations show that ||/a|||2™2) = 



-2a\ 



ie ^" and 



:i-e , 

II V/a||L2(iR2) = 1. Moreover, it can be seen easily that /„ ^ in H^{M?) as a — )■ oo 
or a — 7- 0. However, the lack of compactness of this sequence in the Orlicz space C 
occurs only when a goes to infinity. More precisely, we have 

Proposition 1.7. denoting the sequence defined above, we have the following 
convergence results: 

a) WfaWc ^ as a ^ oo. 

b) II/qIU -^0 as a . 



Proof of Proposition |i. ?[ Let us first go to the proof of the first assertion. If 

11 dx < K, 



e 



then 



which implies that 



27r 



e2irA2 — 1 I rdr<K, 



a 



2n\og (1 + ^) 
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It follows that 

liminf \\fa\\c> 



To conclude, it suffices to show that 

1 



limsup II /a II £ < 



a— >oo 



Let us fix e > 0. Taking advantage of Trudinger-Moser inequality and the fact that 
||/a||L2 0, we infer 



'a|lL2, 



< K, for a > as . 

Hence, for any e > 0, 

limsup ll/alU < 



a-s>oo V 4vr — £ 

which ends the proof of the first assertion. To prove the second one, let us write 



e~^^-ljdx = 27r y {e~ - Ij r dr + 271 J \^e^^^-ljrdr 
< 71 (^e^ - 1 j e-2" + 27r (1 - e"") e"^ . 

This implies that, for a small enough, ||/q||/: < a^^^, which leads to the result. □ 

The difference between the behavior of these families in Orlicz space when a — ?■ 
or a — >^ CX3 comes from the fact that the concentration effect is only displayed by 
this family when a — )■ oo. Indeed, in the case where a — )■ oo we have the following 
result which does not occur when a — )■ 0. 

Proposition 1.8. fa being the family of functions defined above, we have 

|V/„P ^ 5{x = 0) and e^^l^"!' - 1 ^ 27r5{x = 0) as a ^ oo m ©'(M^) . 

Proof of Proposition \1.8[ Straightforward computations give for any smooth com- 
pactly supported function ip 

\vfa{x)\M^)dx = r r ^(^^"^^'^""^) drde 



27ra ./e-Q Jo r 

>1 r'iTr 



Since 



ip(r cos 6,r sin 9)— 1/3(0) 



27ra In r 



< IIVv^IIloo, we deduce that / \V faix)\'^(p{x) dx — )■ ^^(O) 



as a — )■ 00, which ensures the result. Similarly, we have 
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- (^(a;)rfx = ^ ^ {e^'' -1) ip{r cose, r sin e)rdrde 

= 7rv9(0) (1 - e-2°) + 27r(^(0) (^e^ ' - l) rdr 

+ / / (e^" - 1) ((^(rcos^,rsin^) - (p(O))rrfrd0 
Jo Jo 

^ L Jo (^°'°^'" ~ ^) ("^(^^^^^'^^^^^^ 

We conclude by using the following lemma. □ 
Lemma 1.9. When a goes to infinity 



(7) la := / re^'°*^ ' dr ^ 1 

and 



1 

2 i„„2 . 



(8) Ja := / r2e^'°s^"rfr ^ -. 

o 



2,„„2„ . 1 



Proof of Lemma lLR The change of variable y := J ^ (— logr — |) yields 



/„ = 2J5e-t / e^'dy. 







Taking advantage of the following obvious equivalence at infinity which can be de- 
rived by integration by parts 



(9) / dy 



^ 2 . e^^ 







we deduce ([7]). 

Similarly for the second term, the change of variable y := (— logr — |q;) implies 
that 



1 fa 

la 9 /'2V 2 



3 rs: 



1 fa I 3 fa 

2 e 8" y dy+ ^-e J dy. 



According to ([9]), we get ([8]). □ 
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Remark 1.10. When a goes to zero, we get a spreading rather than a concentration. 
Notice also that for small values of the function, our Orlicz space behaves like (see 
Proposition^^ and simple computations show that ||/a||L2(R2) goes to zero when a 



goes to zero. 

In fact, the conclusion of Proposition 11.81 is available for more general radial 
sequences. More precisely, we have the following result due to P. -L. Lions (in a 
slightly different form): 

Proposition 1.11. Let {un) he a sequence in Hl^^{E?) such that 
n^O in H^, liminf > and lim limsup / |u„(x)|^ (ia; = . 

R-^oo „^oo J\x\>R 

Then, there exists a constant c > such that 

(10) |Vu„(x)p(ix ^ /i > c5(x = 0) (n oo) 

weakly in the sense of measures. 

Remark 1.12. The hypothesis of compactness at infinity 

lim limsup / \un{x)\'^ dx = 

R^oo n^co J\x\>R 

is necessary to get ffTOj) . For instance, Unix) = ^e~'"'^ satisfies ||n„||i2 = C > 0, 
||VMn||L2 — )■ and liminf„^oo ll'^nlU > 0. 

1.4. Fundamental Remark. In order to describe the lack of compactness of the 
Sobolev embedding of H^^^(R^) in Orlicz space, we will make the change of variable 
s := — logr, with r = We associate then to any radial function m on a one 
space variable function v defined by v{s) = u{e~^). It follows that 



(11) \\u\\l2 = 2n / \v{s)\^e-^' ds, 

Jr 

(12) \\Vu\\l2 = 27c \v'{s)\'^ds, and 



(13) [ fel^^l^ -l)dx = 2n [ fe'^l^ - l) e'^^ ds. 

The starting point in our analysis is the following observation related to the Lions's 
example 

A.W-«e-) = /^L(£). 

where 

' if t < 0, 
L(t) = { t if < t < 1, 
1 if t > 1. 
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The sequence a — )■ oo is called the scale and the function L the profile. In fact, the 
Lions's example generates more elaborate situations which help us to understand 
the defect of compactness of Sobolev embedding in Orlicz space. For example, it 

can be seen that for the sequence ■= fk + f2k we have gkis) = \ ip (|) , where 



if t < 0, 

t + if 0<t<l, 

1 + 75 if l<t<2, 

1 + V2 if t > 2. 



This is due to the fact that the scales (fc)fc6N and {2k)km are not orthogonal (see 
Definition II. 13l below) and thus they give a unique profile. However, for the sequence 
hk '■= fk + fk^, the situation is completely different and a decomposition under the 
form 

■ log |x| 




hk{x) 

Oik 

is not possible, where the symbol x means that the difference is compact in the Orlicz 
space C The reason behind is that the scales {k)k£N and {k^)k<aN are orthogonal. 
It is worth noticing that in the above examples the support is a fixed compact, 
and thus at first glance the construction cannot be adapted in the general case. 
But as shown by the following example, no assumption on the support is needed 
to "display" lack of compactness in the Orlicz space. Indeed, let Ra in (0, oo) such 
that 

R 

(14) ^ ^ 0, a ^ oo. 



and 

(15) a := liminf ( J > —oo. 



a-5-oo \ cy 

We can take for instance Ra = with 9 <l/2 and then a = 0, or Ra = e~'^°' with 
7 > and then a = —7. Remark that Assumption f lT^ implies that a is always 
negative. Now, let us define the sequence ga{x) := fa{-^)- It is obvious that the 
family ga is not uniformly supported in a fixed compact subset of M^, in the case 
when Ra = with < 6' < 1/2. Now, arguing exactly as for Lions's example, we 
can easily show that 

II II ||_|| , 1IIII2 ^ 

fi'Q ~ TT^' Vfifa L2 = 1 and \\ga\\c> 7 

2. log (1 -..(£)') 

Hence, ^ in and liminf Hs'all^ > 0. 

Up to a subsequence extraction, straightforward computation yields the strong 
convergence to zero in for the difference fa — ga, in the case when a = 0, 
which implies that gaix) x y^L^ "'"^^^^ ^ However, in the case when a < 0, the 
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sequence (ga) converges strongly to fa{-^) in and then the profile is slightly 
different in the sense that (?q,(x) x ^— ^77^ j where La(s) = L(s + a). 

To be more complete and in order to state our main result in a clear way, let us 
introduce some definitions as in [15] for instance. 

Definition 1.13. A scale is a sequence a := of positive real numbers going to 
infinity. We shall say that two scales a and [3 are orthogonal ( in short a -L (3) if 

log(/3„/a„) ^00. 

According to f lTT]) and ffT^ . we introduce the profiles as follows. 
Definition 1.14. The set of profiles is 

V:=[^e L\R, e-^'ds); ^' E L\R), V-H-ocO] = }. 
Some remarks are in order: 

a) The limitation for scales tending to infinity is justified by the behavior of 
stated in Proposition 11.71 

b) The set V is invariant under negative translations. More precisely, ii ip &V and 
a < then ipa{s) := ip{s + a) belongs to V. 

c) It will be useful to observe that a profile (in the sense of Definition I1.14p is a 
continuous function since it belongs to Hl^^iR). 

d) For a scale a and a profile ^, define 



9a,tp \'^) 



^4 

27r 



— log |a;| 



an 

It is clear that, for any A > 0, 
where 'ipxit) = ■^tp{\t). 

The next proposition illustrates the above definitions of scales and profiles. 

Proposition 1.15. Let ip E V a profile, [an) any scale and set 

( ^ , f-'^og\x\\ 

9n{x) := \hr^[ )• 

V 2vr V an ^ 

Then 

(16) -j= sup MMi < liminf \gn\c < limsup ||5f„||£ < WiP'Wl^. 

V47r s>0 V-^ n-s>oo n->oo ^/ AtT 



L2 = 



Proof. A simple computation shows that 

POO 

\\9n\\l2=al |V'(t)re-2-"*(it and \\Vgn 
Jo 



In view of ([3]), we have 



limsup ||5f„||£ < ^= IHj'Wl^ + -j= limsup WgnWi^ 

n-s>oo V 47r V 47r 
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Therefore, to get the right hand side of ffTB]) . it suffices to prove that the sequence 
{gn) converges strongly to in L^. To do so, let us first observe that 

m 

Indeed 



as t . 



(\\r)dr <Vt( f |^'(r)| 
^ 



1/2 



which ensures the result since ip' G L^(]R). Now, e > being fixed, we deduce the 
existence of to > such that 

\^{t)\^<et for 0<t<to- 



Therefore 

rto poo 

Oil \ \^{t)\^^-'"'-Ut<e \ se-^'ds 
Jo Jo 

In other respects, by Lebesgue theorem 

r"00 

'to 

This leads to the strong convergence of {gn) to in L^. 

Let us now go to the proof of the left hand side inequality of f|T6|) . Setting 
L = liminf ll^/nllz:, we have according to ([2]) for fixed e > and n large enough (up 

n— >oo 

to a subsequence extraction) 

I an(x) I 2 \ 

el L+£ I —l)dx<K,. 



POO 

/ |^(t)|^e-2""*rft -> as n^oo. 

Jtn 



A straightforward computation yields to 

a. I e'""*(3^^~^ 'y dt<C, 





for some absolute constant C and for n large enough. Since ipit) is continuous, we 
deduce that necessarily, for any t > 0, 

which ensures the result. □ 

1.5. Statement of the results. Our first main goal is to establish that the char- 
acterization of the lack of compactness of the embedding 

can be reduced to the Lion's example. More precisely, we shall prove that the 
lack of compactness of this embedding can be described in terms of an asymptotic 
decomposition as follows: 



(19) lim limsup / \un\ dx = 0. 
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Theorem 1.16. Let be a bounded sequence in H^^^lM."^) such that 

(17) Un ^ 0, 

(18) limsup II u„ II £ = > 0, and 

2 

I a-n I 

\x\>R 

Then, there exists a sequence («*■■'•') of pairwise orthogonal scales and a sequence of 
profiles (4'^^^) in V such that, up to a subsequence extraction, we have for all i > 1, 

(20) Unix) = Y: \/^ ^^^^ ( ) limsup llr^lU 0. 

V 27r V ali' ) n^oo 

Moreover, we have the following stability estimates 

(21) ||V«„||i. = W^^'^^'Wl^ + llVri'^lli^ + °(1)' ^ ^ ^• 

i=i 

Remarks 1.17. 

a) As in higher dimensions, the decomposition fl20|l is not unique (see \T5\)- 

b) The assumption f|T9l) means that there is no lack of compactness at infinity. It 
is in particularly satisfied when the sequence (u„)„eN is supported in a fixed compact 
o/M^ and also by Qa- 

c) Also, this assumption implies the condition ip\]-ocfi] = included in the definition 
of the set of profiles. Indeed, first let us observe that under Condition f lT9|) . neces- 
sarily each element gn\x) := \f^- V'*'"'^ (~nfr^) of Decomposition fl20l) does not 
display lack of compactness at infinity. The problem is then reduced to prove that if 
a sequence gn = a/I^ ^ ("~^^^^)' where (an) is any scale and ip G L^(]R, e~^*(is) 

with tp' e i^^(M), satisfies Hypothesis f lT9|) then consequently ipw-oofi] = 0. Let us 
then consider a sequence gn satisfying the above assumptions. This yields 

lim limsup fa^ / |V^(t)p e'^""* rft) = . 

Now, if ipito) ^ for some to < then by continuity, we get \ip{t)\ > 1 for to — ri < 
t < to + V < ^- Hence, for n large enough, 

log_B 

, 2 



a. 



which leads easily to the desired result. 

d) Compared with the decomposition in [15], it can be seen that there's no core in 
(12 op . This is justified by the radial setting. 

e) The description of the lack of compactness of the embedding of H^{E?) into Orlicz 
space in the general frame is much harder than the radial setting. This will be dealt 



ON THE LACK OF COMPACTNESS. 



13 



with in a forthcoming paper. 

f) Let us mention that M. Struwe in [46j studied the loss of compactness for the 
functional 



E{u) = 

where Q is a bounded domain in 



l"l Jn 



It should be emphasized that, contrary to the case of Sobolev embedding in 
Lebesgue spaces, where the asymptotic decomposition derived by P. Gerard in [15] 
leads to 



I 1 1 LP ^ 



E 



,U)\\p 



Theorem 11.161 induces to 

(22) \\un\\c sup f lim \\g^i^\\c) , 

thanks to the following proposition. 

Proposition 1.18. Let {(y^^^)i<j<i be a family of pairwise orthogonal scales and 



i<j<£ be a family of profiles, and set 




X) 



Then 
(23) 



\gn\\c sup ( lim Wgl^'^Wc 

l<j<e Vn^oo 



A consequence of this proposition is that the first profile in the decomposition 
fl20l) can be chosen such that up to extraction 



lim sup llMnlU = ^0 



lim 



27T 



(1) 



— log |a;| 



(1) 



1.6. Structure of the paper. Our paper is organized as follows: we first de- 
scribe in Section |2] the algorithmic construction of the decomposition of a bounded 
sequence {un)nm in Hl^^{E?), up to a subsequence extraction, in terms of asymp- 
totically orthogonal profiles in the spirit of the Lions'examples \/^ ^(~~~^); and 



then prove Proposition 11.181 Section |3] is devoted to the study of nonlinear wave 
equations with exponential growth, both in the sub-critical and critical cases. The 
purpose is then to investigate the influence of the nonlinear term on the main fea- 
tures of solutions of nonlinear wave equations by comparing their evolution with 
the evolution of the solutions of the Klein-Gordon equation. Finally, we deal in 
appendix with several complements for the sake of completeness. 

Finally, we mention that, C will be used to denote a constant which may vary 
from line to line. We also use A < B to denote an estimate of the form A < CB 
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for some absolute constant C and A B ii A <^ B and B < A. For simplicity, we 
shall also still denote by {un) any subsequence of 

2. Extraction of scales and profiles 

This section is devoted to the proofs of Theorem 11.161 and Proposition 11.181 Our 
approach to extract scales and profiles relies on a diagonal subsequence extraction 
and uses in a crucial way the radial setting and particularly the fact that we deal 
with bounded functions far away from the origin. The heart of the matter is reduced 
to the proof of the following lemma. 

Lemma 2.1. Let (un) be a sequence in H^^^(R'^) satisfying the assumptions of the 
Theorem \1.1(A Then there exists a scale (a„) and a profile ip such that 

(24) \\4j'\\l^>CAo, 

where C is a universal constant. 

Roughly speaking, the proof is done in three steps. In the first step, according to 
Lemma 12. H we extract the first scale and the first profile satisfying the condition 
f l24p . This reduces the problem to the study of the remainder term. If the limit of 
its Orlicz norm is null we stop the process. If not, we prove that this remainder 
term satisfies the same properties as the sequence start which allow us to apply the 
lines of reasoning of the first step and extract a second scale and a second profile 
which verifies the above key property flM|) . By contradiction arguments, we get the 
property of orthogonality between the two first scales. Finally, we prove that this 
process converges. 

2.1. Extraction of the first scale and the first profile. Let us consider a 
bounded sequence in H^^^iM."^) satisfying hypothesis ( fT7|) - (|T8|) - (fT9l) and let us set 
Vnis) = M„(e~*). The following lemma summarize some properties of the sequence 
(un) that will be useful to implement the proof strategy. 

Lemma 2.2. Under the above assumptions and up to a subsequence extraction, the 
sequence converges strongly to in and we have, for any M G M, 

(25) ||^^n||L->(]-oo,A/[) 0, n ^ oo. 

Proof. Let us first observe that for any > 0, we have 

||Mn||L2 = ||Mn||L2(|x|<_R,) + || || L2 (|^| . 

Now, by virtue of Rellich's theorem, the Sobolev space i^^(|x| < R) is compactly 
embedded in i^^(|x| < R). Therefore, 

limsup \\un\\L^ < limsup ||m„||l2(|3.|>^). 

n— >oo n—^oo 

Taking advantage of the compactness at infinity of the sequence, we deduce the 
strong convergence of the sequence (m„) to zero in L^. 

On the other hand. Property (123]) derives immediately from the boundedness of («„) 
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in H^, the strong convergence to zero of in and the following well known 
radial estimate recalled in Lemma 14.21 



\u(r)\ < 



C 



\U\\12\\VU\\12- 



□ 



The first step is devoted to the determination of the first scale and the first profile. 
Proposition 2.3. For any 5 > we have 

(26) — ' ^ ' 



sup 

s>0 



An -5 



— s — > oo, n — oo. 



Proof. We proceed by contradiction. If not, there exists 6 > such that, up to a 
subsequence extraction 



(27) 



sup 

s>0,nfEN 



s] < C < oo. 



In one hand, thanks to (l25l) and (127|) . we get by virtue of Lebesgue theorem 



|x|<l 



I Unix) 12 



I "njn) |2 1 „ 

giAo-4i _ i \ Q ds 0, OO. 



On the other hand, using Lemma 12.21 and the simple fact that for any positive M, 
there exists a finite constant Cm such that 



r-1 



we deduce that 



This leads finally to 



Hence 



\x\>l 



sup 

\t\<M 



e'^' - I) dx< C\\un\\i2 ^ 



t2 



< Cm, 



I un(x) |2 

gUo-il _ 1 W-j; 0, n OO. 



limSUp < ^0 — <^7 

which is in contradiction with Hypothesis (flSjl . 



□ 



Corollary 2.4. Let us fix 6 = Aq/2, then up to a subsequence extraction, there 
exists a sequence (an ■*) in IR+ tending to infinity such that 



{21 



a^^ — 7- oo 
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Proof. Let us set 



WJs)=A 



Then, there exists ■* > such that 



Vn{s) 







sup Wn{s). 



In other respects under fl2Bl) . a„ — )■ oo and then Wn{an'') oo. It remains to 
prove that ■* — )■ cxd. If not, up to a subsequence extraction, the sequence ^) is 
bounded and so is {Wn{an^)) by fl25|) . This completes the proof. □ 

An immediate consequence of the previous corollary is the following result 

Corollary 2.5. Under the above hypothesis, we have 



. a^n^ <\vn{al^y)\<C\/ai:> + o{l) 

withC = (limsup„_^oo '^^uHl'^) and where, as in all that follows, o(l) denotes 
a sequence which tends to as n goes to infinity. 

Proof. The left hand side inequality follows immediately from Corollary [231 In other 
respects, noticing that by virtue of fl2Sl) . the sequence Vn{0) — ?■ 0, one can write for 
any positive real s 

\Vn{s)\= Vn{0)+ r v'„iT)dT < {v^m + s'^'\\v'J < \u ' ' ' _l/2l|Vw„|U2 

from which the right hand side of the desired inequality follows. 
Now we are able to extract the first profile. To do so, let us set 



„(i) 



+ s 



1/2 



27r 



□ 



V an 



The following lemma summarize the principle properties of (ipn)- 

Lemma 2.6. Under notations of Corollary \2.5\. there exists a constant C such that 



27r< |^„(1)| <C + o(l). 
Moreover, there exists a profile tlj^^'^ G V such that, up to a subsequence extraction 



^n^ii^^^^y m L2(M) and ||(^('))'| 



L2 



> 



An. 



Proof. The first assertion is contained in Corollary 12. 51 To prove the second one, let 
us first remark that since HV'^Hls = ||Vm„||l2 then the sequence {tp'n) is bounded in 
L^. Thus, up to a subsequence extraction, {ip'^) converges weakly in to some func- 
tion g & L^. In addition, (ipniO)) converges in M to and (still up to a subsequence 
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extraction) (1)) converges in M to some constant a satisfying \a\ > Aq. Let 
us then introduce the function 



Jo 



g{r) dr. 



Our task now is to show that ip^^^ belongs to the set V. Clearly ip^^^ e C(M) and 
= g e L'^{M.). Moreover, since 



\i^^'\s)\^ f g{T)dT <.^/^yU.(M), 
Jo 



we get e L^(M"'',e "^^ ds). It remains to prove that ip^^\s) = for all s < 0. 
Using the boundedness of the sequence (u-n) in L^(]R^) and the fact that 



4^))^ \Ms)\'e 



we deduce that 



n 
2 ■ - ^ 



2 -2ai'^s 



Hence, (■0n) converges strongly to zero in L^(] — oo, 0[), and then almost everywhere 
(still up to a subsequence extraction). In other respects, since (■0^) converges weakly 
to g in L2(]R) and V'n e i7/„^(M), we infer that 

^n(5)-^n(0)= W'^{T)dT^ P g {t) dr = i;^'\s) , 



from which it follows that 

V'n(s) ^ for all s e R . 

As goes to zero for all s < 0, we deduce that i/j^^^s) = for all s < 0. Finally, 
we have proved that V^^^ e V and IV'^^^I)! = l«l > ^^o- The fact that 

iV'(^)(i)i= [\i^^'^nT)dT < ii(V'(^))'iu2, 



yields 
Set 

(29) 



□ 



r«(a;) = 



27r 



log |x| 



(1) 



log |x| 



It can be easily seen that 



L2(M) 



Taking advantage of the fact that (■0^i) converges weakly in L^(R) to ('0^^'*)', we get 
the following result 
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Lemma 2.7. Let be a sequence in H^^^(M?) satisfying the assumptions of the 
Theorem \1.16l Then there exists a scale {an^) and a profile ip^^'' such that 



(i)V 



and 
(30) 



limsup II Vr^"^''||^2 <limsup ||V 
where in^ is given by 



||2 



) IIl2 



2.2. Conclusion. Our concern now is to iterate the previous process and to prove 
that the algorithmic construction converges. Observing that, for i? > 1, and thanks 



to the fact that ip. 



(1) 

|]-oo,0] 



0, 



'■n llL2(|a;|>R) 



a, 



(1)^2 



" (1) 



\Mt)-^^'\t)\^e-^'"''''dt, 

dt. 



a 



(1)^2 



— ll'"n|lL2(|x|>_R)' 

we deduce that (rn ^) satisfies the hypothesis of compactness at infinity (fT9|) . This 
leads, according to f pOj) . that (r^^-*) is bounded in H^^^ and satisfies f|T7|) . 



Let us define Ai = limsup„_ 



|r„ 

.(1) 



\c. If Ai = 0, we stop the process. If not, 
we apply the above argument to in' and then there exists a scale (an^) satisfying 
the statement of Corollary 12.41 with Ai instead of Aq. In particular, there exists a 
constant C such that 



(31) 

where in^is) 



4^\/^<|f«("f)l<c^\^^ 

rn''(e~^). Moreover, we claim that an^ 



+ o(l) 



an \ or equivalently that 



log 



J2) 



— 7- oo. Otherwise, there exists a constant C such that 

< C. 



1 

— < 

c - 



(2) 

an 



a 



(1) 



Now, according to (129|) . we have 



2-K 



(1) 



This yields a contradiction in view of flHT]) and the following convergence result (up 
to a subsequence extraction) 



(2)" 
ail 



a^l 



^ 0. 
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Moreover, there exists a profile ip'^'^^ in V such that 



with > and 

hmsup \\Vi^^^\\l2 < hmsup ||VrW|||2 - || (V'^^^)'||i2 

n— >oo n— >oo 

This leads to the following crucial estimate 

with C = limsup„^oo ||VMn||^2- 
At iteration i, we get 



with 

nmsup ||r„ ;^ 1 /Iq /ii ^^-i • 

Therefore — )■ as ^ — )■ cxd and the proof of the decomposition f l20p is achieved. 

The stability estimate (121 p is a simple consequence of the fact that for every 
f,g E L^(]R) and every orthogonal scales a and /3, it holds 

/( — )(?( — ) (is— )-0 as n ^ 00 . 



This ends the proof of the theorem. 

Let us now go to the proof of Proposition 11.181 

Proof of Proposition M.l^ We restrict ourselves to the example ha := afa + 
where a, h are two real numbers. The general case is similar except for more technical 
complications. Set M := sup(|a|, \b\). We want to show that 

II,, II M 

\\ha\\c . as a — )■ 00 . 



An 

M 



We start by proving that 

(32) liminf ||/ia||£ > 

Let A > such that 



e ^ — 1 ] dx < K. 



This implies 
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(33) (^e^-ljrdr<- 

and 



P / o 



(34) y^^^ ^e^-lj .*.<_ 

Since 

we get from (133|) and (jS 



a,/^+6-^ if r<e-"', 

V ivr ■y'27r — ' 



a^r^ 1= loer if e " < r < e" 



- 27rlog(l + Ce2"') 47r ^ 



and 

A > = h o(l) . 

- 27rlog(l + Ce2°) 47r ^ ^ 

This leads to fl5^ as desired. 

In the general case, we have to replace (133|) and (l34|) by £ estimates of that type. 
Indeed, assuming that — )■ when n goes to infinity for j = 1, 2, — 1, we 



replace fl33l) and flMl) by the fact that 



(35) / ^^^^^^ /e^^-lj rrfr < — , j = l,...,/-l 



e 



and 

(36) y ( e^^ - Ij rdr < — . 

Our concern now is to prove the second (and more difficult) part, that is 

M 

(37) limsup < 



/47r 

To do so, it is sufficient to show that for any > small enough and a large enough 



(38) / (e^l'^'^(")l'-l) cix < 

Actually, we will prove that the left hand side of fl38p goes to zero when a goes to 
infinity. We shall make use of the following lemma. 
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(39) 



la = e^" 



a 

e "2 r dr . 



Then Jq — )■ as a oo. 

Proof of Lemma \2. ^ The change of variable y = ^ logr — yields 



Iq, = a e- 



pa 



e 1 



9-1 



2 

e^ , 



Since e^^ < ^ for every nonnegative real A, we get (for g > 1 for example) 

< gPag(9-2)a^ _|_ g(p-2)Q:^ 

and the conclusion follows. We argue similarly if g < 1. □ 
We return now to the proof of flTTI) . To this end, write 



(40) 
(41) 



M2 I 



M2 M2 

+ -Ba + Ca- 



M2 



The simple observation 



= (e^ - 1) (e^ - 1) (e" - 1) + (e^ - 1) {e^ - 1) 
+ (e" - 1) (e^ - 1) + (ey - 1) (e^ - 1) 
+ (e" - 1) + (e^ - 1) + (e" - 1) , 



yields 



(42) 



= j (e^. _ 1) (e^^ _ 1) (e^'^ - l) + / i^^" " l) 

+ j {e^- - 1) (e^'^ - 1) + / (e""" - 1) (e""" - l) 

+ 1 (e^'^ - 1) + / (e""" - ^) + / (^""^ - ^) • 
By Trudinger-Moser estimate ([5]), we have for e > small enough, 



e^" -1 


+ 


e^'^-l 


— )■ as a — )■ oo 











(43) 



To check that the last term in tends to zero, we use Lebesgue Theorem in 
the region e~° < t < 1. Observe that one can replace Ca with 7 for any 7 > 0. 
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The two terms containing both and Cq or and Ca can be handled in a 
similar way. Indeed, by Holder inequality and ( H3|) . we infer (for e > small enough) 



j (e^" - 1) (e^" - 1) + / (e""" - 1) (e""" " l) 



Now, we claim that 
(44) j (e^" - 1) (e-^" - l) ^ 0, a ^ oo . 

The main difficulty in the proof of (jH]) comes from the term 

■a. 



< 


e^" -1 




e^'^ - 1 










+ 


e^'^-l 




e^" - 1 











1 ^ 



47r-?7 2 g 



47r — 77 ,2 log r 

e m2 



^ r (ir. 



Setting p := and g := we conclude thanks to Lemma \2M since 

< p, g < 2. It easy to see that fHtl) still holds if and Ba are replaced by 
(1 + e)Aa and (1 + e)Ba respectively, where e > is small. 

Finally, for the first term in (H2|) . we use Holder inequality and ( H^ . 
Consequently, we obtain 

„, „ M 
limsup ll/iall/: < . 

a-s>oo V 4:TT 

In the general case we replace f l4ip , by £ + ^^^^ terms and the rest of the proof is 
very similar. This completes the proof of Proposition 11.181 □ 

3. Qualitative study of nonlinear wave equation 

This section is devoted to the qualitative study of the solutions of the two- 
dimensional nonlinear Klein-Gordon equation 

(45) □« + « + /(«) = 0, MiMiXM^^M, 

where 

f{u) = u (e^™' - 1 

Exponential type nonlinearities have been considered in several physical models (see 
e.g. on a model of self-trapped beams in plasma). For decreasing exponential 
nonlinearities, T. Cazenave in [S] proved global well-posedness together with scat- 
tering in the case of NLS. 

It is known (see [23, EZ]) that the Cauchy problem associated to Equation f HS]) 
with Cauchy data small enough in x is globally well-posed. Moreover, subcrit- 
ical, critical and supercritical regimes in the energy space are identified (see [2T]). 
Global well-posedness is established in both subcritical and critical regimes while 
well-posedness fails to hold in the supercritical one (we refer to [21] for more details). 
Very recently, M. Struwe [47j has constructed global smooth solutions for the 2D en- 
ergy critical wave equation with radially symmetric data. Although the techniques 
are different, this result might be seen as an analogue of Tao's result [IH] for the 
3D energy supercritical wave equation. Let us emphasize that the solutions of the 
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two-dimensional nonlinear Klein-Gordon equation formally satisfy the conservation 
of energy 

(46) E{u,t) = WdMmh + l|V^(t)||i. + ^ ||e^-"W^ - l|Ui 

= E{u,0):=Eo. 

The notion of criticality here depends on the size of the initial energ }I3 Eq with 
respect to 1. This relies on the so-called Trudinger-Moser type inequalities stated in 
Proposition 11.41 (see [20] and references therein for more details). Let us now precise 
the notions of these regimes: 

Definition 3.1. The Cauchy problem associated to Equation ( fT^j j with initial data 
{uo,Ui) e if^(]R^) X L^(]R^) is said to be subcritical if 

Eo<l. 

It is said critical if Eq = 1 and supercritical if Eq > 1. 

It is then natural to investigate the feature of solutions of the two-dimensional 
nonlinear Klein-Gordon equation taking into account the different regimes, as in 
earlier works of P. Gerard [H] and H. Bahouri-P. Gerard [3]. The approach that we 
adopt here is the one introduced by P. Gerard in [H] which consists to compare the 
evolution of oscillations and concentration effects displayed by sequences of solutions 
of the nonlinear Klein-Gordon equation and solutions of the linear Klein-Gordon 
equation. 

(47) Df + f = 

More precisely, let (v9„, ipn) be a sequence of data in x supported in some 
fixed ball and satisfying 

(48) ^n^O in H\ ipn ^ in 
such that 

(49) < 1, neN 
where -E" stands for the energy of {^Pn^'^n) given by 

^" = ll^n||i. + ||V^.||i. + ^||e^-'^"-l|Ui 

and let us consider (m„) and (f„) the sequences of finite energy solutions of ( 145|1 and 
(HZ]) such that 

Arguing as in [H], we introduce the following definition 

Definition 3.2. Let T be a positive time. We shall say that the sequence (m„) is 
linearizable on [0,T], if 

sup EciUn — Vn, t) > aS — j- OO 

te[o,T] 

""^This is in contrast with higher dimensions where the criticahty depends on the nonhnearity. 
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where Ec{w,t) denotes the kinetic energy defined by: 

Ec{w,t)= / [\dtw\'^ + \V^w\^ + \w\'^]{t,x) dx. 

The following results illustrate the critical feature of the condition Eq = 1. 
Theorem 3.3. Under the above notations, let us assume that limsup i?" < 1. 

n— >oo 

Then, for every positive time T, the sequence is linearizable on [0,T]. 

Remark 3.4. Let us recall that in the case of dimension d > 3, the same kind of 
result holds. More precisely, P. Gerard proved in [14J that in the subcritical case, 
the nonlinearity does not induce any effect on the behavior of the solutions. 

In the critical case i.e. limsup i?" = 1, it turns out that a nonlinear effect can be 

n— ^oo 

produced and we have the following result: 

Theorem 3.5. Assume that limsup E^ = 1 and let T > 0. Then the sequence 

n— >oo 

is linearizable on [0, T] provided that the sequence (f „) satisfies 

1 

(50) limsup \\Vn\\L'^([0,T];C) < 



Remark 3.6. In Theorem \3.5\ we give a sufficient condition on the sequence (f„) 
with ensures the linearizability of the sequence («„)■ Similarly to higher dimensions, 
this condition concerns the solutions of linear Klein- Gordon equation. However, 
unlike to higher dimensions, we are not able to prove the converse, that is if the 
sequence {un) is linearizable on [0,T] then limsup^^^^ ||^n||L°°{[o,T];£) < The 
main difficulty in our approach is that we do not know whether 

limsup ||t;„||L-{[0,T];£) = ^= and ||/(^^n) ||l1([0,T];L2(M2)) . 
n^oo V All 



Before going into the proofs of Theorems 13. 31 and l3.5[ let us recall some well known 
and useful tools. The main basic tool that we shall deal with is Strichartz estimate. 

3.1. Technical tools. 

3.1.1. Strichartz estimate. Let us first begin by introducing the definition of admis- 
sible pairs. 

Definition 3.7. Let p G M. We say that {q,r) G [4, oo] x [2, oo] is a p-admissible 
pair if 

12 

51 - + - = p. 

q r 

When p = 1, we shall say admissible instead of 1- admissible. 

For example, (4, oo) is a 1/4-admissible pair, and for every < e < 1/3, the 
couple (1 + 1/e, 2(1 + e)) is an admissible pair. The following Strichartz inequahties 
that can be for instance found in will be of constant use in what follows. 
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Proposition 3.8 (Strichartz estimate). Let p G M, (g, r) a p-admissible pair and 

T >0. Then 

(52) 

||'«^||l9([0,T];B^.2(K2)) < [\\dtV{0,-)\\L2(R2) + ||t;(0, ■) ||hi(M2) + ||ni; + t;||Li([0,T];L2(M2))] , 

where B(?2(I^^) stands for the usual inhomegenous Besov space (see for example [9] 
or [H] /or a detailed exposition on Besov spaces). 

Now, for any time slab / C M, we shall denote 

||'"||ST(7) := sup ||'y||L9(7;Bi_2{R2)) • 

{q,r) admissible 

By interpolation argument, this Strichartz norm is equivalent to 

||^IU°°{7;//i(R2)) + ||^^||l4(/;B1/3_2(R2)) • 

As 3^2(^2) ^ (M^) for all r < p < oo (and r < j9 < cx) if r > 2), it follows that 

/MM 12 

(53) \\v\\li{I;Lp) ^\\v\\sTiI), - + -<1. 

q p 

Proposition 13.81 will often be combined with the following elementary bootstrap 
lemma. 

Lemma 3.9. LetX{t) be a nonnegative continuous function on [0,T] such that, for 
every <t <T, 

(54) X{t) < a + bX{tf, 
where a,b > and 6 > 1 are constants such that 

Then, for every <t <T, we have 

(56) xit)<j^a. 

Proof of Lemma IJ.M We sketch the proof for the convenience of the reader. The 
function / : x i — > bx^ — x + a is decreasing on [0, {6by^^^~^^] and increasing on 
[(^6)1/(1-^), oo[. The first assumption in (jSSD implies that f {{eby/^^-^^) < 0. As 
/(X(t)) > 0, /(O) > and X(0) < (^6)i/(i-^), we deduce by continuity §6^. □ 

3.1.2. Logarithmic Inequalities. It is well known that the space H^lM."^) is not in- 
cluded in L°°(]R^). However, resorting to an interpolation argument, we can estimate 
the norm of functions in i7^(M^), using a stronger norm but with a weaker growth 
(namely logarithmic). More precisely, we have the following logarithmic estimate 
which also holds in any bounded domain. 
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Lemma 3.10 (Logarithmic inequality [20j, Theorem 1.3). Let < a < 1. For any 

real number A > a constant Cx exists such that for any function ip belonging to 
Hl{\x\ < 1) nC"(|s| < 1), we have 

(57) \Ml^<\\\V^\\lAog(c,+ 



where C" denotes the homogeneous Holder space of regularity index a. 

We shall also need the following version of the above inequality which is available 
in the whole space. 

Lemma 3.11 ([2D], Theorem 1.3). Let < a < 1. For any A > and any 

< ^ < 1, a constant Cx > exists such that for any function u G i/^(]R^) nC"(]R^), 
we have 

(58) \MU<X\\u\\lhg fc.+ ^"^,7''"'° 

where denotes the inhomogeneous Holder space of regularity index a and the 
Sobolev space endowed with the norm \\u\\\j^ := ||Vu||^2 + /^^ 11^11^2 ■ 

3.1.3. Convergence in measure. Similarly to higher dimensions (see [H]), the con- 
cept of convergence in measure occurs in the process of the proof of Theorems 13.31 
and 13.51 For the convenience of the reader, let us give an outline of this notion. In 
many cases, the convergence in Lebesgue space is reduced to the convergence in 
measure. 

Definition 3.12. Let Q be a measurable subset of and (m„) be a sequence of 
measurable functions on Q. We say that the sequence (m„) converges in measure to 
u if, for every e > 0, 

{yeVt; \uniy) - u{y)\> e} as n ^ oo, 

where \B\ stands for the Lebesgue measure of a measurable set B C . 

It is clear that the convergence in implies the convergence in measure. The 
contrary is also true if we require the boundedness in some Lebesgue space L'^ with 
q > 1. More precisely, we have the following well known result. 

Proposition 3.13. Let Q be a measurable subset o/M™ with finite measure and («„) 
be a bounded sequence in L'^{Q) for some q > 1. Then, the sequence (un) converges 
to u in L^{VL) if, and only if, it converges to u in measure in Vt. 

Proof. The fact that the convergence in L^ implies the convergence in measure fol- 
lows immediately from the following Tchebychev's inequality 

{yeVt; \un{y)-u{y)\>e} 



e 



< \\Un - u\\li . 



To prove the converse, let us show first that u belongs to L'^{Q). Since the sequence 
(m„) converges to u in measure, we get thanks to Egorov's lemma, up to subsequence 
extraction 

Ur, ^ u a.e. in Q . 
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The Fatou's lemma and the boundedness of in L'^ imply then 

/ \u{y)\'' dy <\immi [ \un{y)\' dy < C . 
According to Holder inequality, we have for any fixed e > 



\Un-U\\Li = \Un-U\+ \Un - U\ 

' {\u„-u\<e} J {\u„-u\>e} 

< e\Q\ + \\Un - u\\li \{\Un - u\ > s}]^"^ , 

which ensures the result. □ 

3.2. Subcritical case. The aim of this section is to prove that the nonlinear term 
does not affect the behavior of the solutions in the subcritical case. By hypothesis 
in that case, there exists some nonnegative real p such that limsup = 1 — p. 



The main point for the proof of Theorem 13.31 is based on the following lemma. 

Lemma 3.14. For every T > and Eq < 1, there exists a constant C{T,Eo), 
such that every solution u of the nonlinear Klein-Gordon equation ( fT^] ) of energy 
E{u) < Eq, satisfies 

(59) I|m||l4{[o,t];C1/4) < C{T,Eo). 

Proof of Lemma \3.14\ By virtue of Strichartz estimate ( 152|) . we have 



1 /2 

lkllL4([0,t];Cl/4) <Eq + ||/(M)||j:i([o,i];L2(K2)) . 

To estimate f{u) in L^([0, t]; L^(]R^)), let us apply Holder inequality 

||/H|U2< \\u\\l.+2/. ||e^-"'- 111^2(1+.), 



where £ > is chosen small enough. This leads in view of Lemma 14.11 to 



II/HIIl^ < \\u\\h^ e^-ll-lli- ||eMi+eK _ 
The logarithmic inequality f lSS]) yields for any fixed A > |, 

e^-IHli^ < + Mc^y 



2ttXEo 



and Trudinger-Moser inequality implies that for e > small enough 

||e^"(i+^)"'-l|Ui <«. 
Plugging these estimates together, we obtain 



^ 
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where 6 := 2t[\Eq. Since Eq < 1, we can choose A > ;^ such that 9 < 4. Using 
Holder inequahty in time, we deduce that 

In the case where 6* > 1, we set 

4(9-1) 

i \ 4- 

CE^ 



eI'^ + T 



where C is some constant. Then we obtain the desired resuh on the interval [0, tmax] 
by absorption argument (see Lemma l3.9p . Finally, to get the general case we de- 
compose [0,T] = U*^Q~^ such that tj+i — U < tmax- Applying the Strichartz 
estimate on [ti,t] with t < tj+i and using the conservation of the energy, we deduce 

lkllL4{[t„t,+i],ci/4) < C{T,Eo) , 

which yields the desired inequality. In the case where 6' < 1 we use a convexity 
argument and proceed exactly as above. 

Notice that similar argument was used in higher dimension (see [E]). □ 

Remark 3.15. Let us emphasize that in the critical case (Eq = 1), the conclusion 



of Lemma \3.14\ holds provided the additional assumption 

1 

(60) ||m||l°°([0,T];£) < 



Ait 

The key point consists to estimate differently the term ||e^™^ — l||^2(i+e). More 
precisely, taking advantage of fIBCT]) we write 

||e^^"' - 111^2(1+.) < eTTMl^ ||eMi+2e)«^ _ injp) 
which leads to the result along the same lines as above. 



Let us now go to the proof of Theorem 13.31 Denoting by Wn = Un — Vn, we can 
easily verify that Wn is the solution of the nonlinear wave equation 

DWn+Wn = -f{Un) 

with null Cauchy data. 

Under energy estimate, we obtain 

ll^nllr < ||/(m„)||l1([0,T],L2(R2)), 

where ||wn||T ^ ^'^Vte[o,T]Ec{wn,t). Therefore, to prove that the sequence (u„) is 
linearizable on [0,T], it suffices to establish that 

il/(Mn)||Li{[0,T],L2(M2)) ^0 aS U ^ OO. 
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Thanks to finite propagation speed, for any time t G [0,T], tlie sequence f{unit, ■)) 
is uniformly supported in a compact subset of M^. So, to prove that the se- 
quence (/(m„)) converges strongly to in L^([0, T], L^(]R^)), we shall follow the 
strategy of P. Gerard in [Hj which is firstly to demonstrate that this sequence is 
bounded in L^"'"^([0, T], L^"'"'^(M^)), for some nonnegative e, and secondly to prove 
that it converges to in measure in [0,T] x M^. 

Let us then begin by estimate ||/(Mn)||Li+={[o,T],L2+E(R2)), for e small enough. Since, 
by definition we have f{un) = —Un (e^™" — 1), straightforward computations imply 
that 

||/K)|litt(M2) < Ce^-(i+^)l!""Hi- / \un?^\e'^< - l)dx. 



In other respects, using the obvious estimate 



sup(a;"^e-^^^) = (^)^e-f, 
we get, for any positive real 77 

/ |M„|2+^(e^""" - l)dx <C^ [ (e(^"+'')"" - l)dx. 

In conclusion 

ll/K)|litt(M2)<C^.e^^^^+^)li-li- [ {e^'-^^^^'-'^^'i^S -l)dx. 
Thanks to Trudinger-Moser estimate ([5]), we obtain for 77 small enough 

< Cr, e'^''^^^''''""""^°° i?" 

by energy estimate, using the fact that limsup E"' < 1 — p. 

n— >oo 

Now, taking advantage of the logarithmic estimate (1581) . we get for any A > ;^ and 
any < yU < 1 

4A7r(l+e)(l-p)(l+M2) 



Wu 1 



v/(i-p)(i + /i^) 



We deduce that 



dt. 



Choosing A close to e and fi small enough such that 9 =^ 4A7r(i+£) ^(i^ p)(i+/t ) ^ 
it comes by virtue of Holder inequality 

(61) ll/K)|litt([o,T],L2+^(R2)) < C{v,p,T){T-^ + II '"n||L4([0,r]),Ci/4)) • 
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Lemma [3. 141 allows to end the proof of the first step, namely that in the subcriti- 
cal case the sequence (/(««)) is bounded in L^~^''{[0, T], L^"'"^(]R^)), for e small enough. 

Since e > 0, we are then reduced as it is mentioned above to prove that the 
sequence (/(«„)) converges to in measure in [0,T] x M^. Thus, by definition we 
have to prove that for every e > 0, 



The function / being continuous at the origin with /(O) = 0, it suffices then to show 
that the sequence converges to in measure. 

Using the fact that is supported in a fixed compact subset of [0,T] x M^, we 
are led thanks to Rellich's theorem and Tchebychev's inequality to prove that the 
sequence converges weakly to in H^{[0,T] x M^). Indeed, assume that the 
sequence converges weakly to in H^{[0,T] x M^), then by Rellich's theorem 
(un) converges strongly to in L^([0,T] x M^). The Tchebychev's inequality 



implies the desired result. 

Let M be a weak limit of a subsequence By virtue of Rellich's theorem and 

Tchebychev's inequality fp2]) . the sequence converges to u in measure. This 
leads to the convergence in measure of the sequence f{un) to f{u) under the con- 
tinuity of the function /. Combining this information with the fact that (/(«„)) is 
bounded in some L'^ with g > 1 and is uniformly compactly supported, we infer by 
Proposition 13 . 1 21 that the convergence is also distributional and m is a solution of the 
nonlinear Klein-Gordon equation (145|) . Taking advantage of Lemma [3.141 the com- 
pactness of the support and Estimate (I6T!) . we deduce that f{u) G L^{[0,T], L^(]R^)). 
This allows to apply energy method, and shows that the energy of u at time t equals 
the energy of the Cauchy data at t = 0, which is 0. Hence u = and the proof is 
complete. 

3.3. Critical case. Our purpose here is to prove Theorem 13. 5[ Let T > and 

assume that 

(63) L := limsup \\vn\\L°-iio,T];C) < 



As it is mentioned above, Wn = Un—Vn, is the solution of the nonlinear wave equation 



{{t,x) e [0,T]xR\ |/K)| >e} 



as n — )■ oo . 



(62) 



{(t,x) e [0,T] X R\ \unit,x)\ > e} < WunWh 




+ W, 



n 



with null Cauchy data. 

Under energy estimate, we have 



W^nWr < C||/('"n)||Li([0,T],L2(lR2)), 

where ||wn||T ^^sup^gp^T] Ec{wn,t). It suffices then to prove that 

ll/(Mn)||Li([0,T],L2(R2)) 0, aS n -> OO. 
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The idea here is to spht f{un) as follows applying Taylor's formula 

f{Un) = f{Vn + Wn) = f{Vn) + f{Vn) + ^ f"{Vn + On Wn) wl, 

for some < 6n < 1- The Strichartz inequality (152|) yields (with / = [0,T]) 

ll'"^n||sT(/) < ||/('yn)||Li([0,T];L2(R2)) + || /'(^^n) || Li ([0,T] ;L2(R2)) 

(64) + \\f"iVn + 9nWn)wl\\Ll{[0,T];L^M.2)) 

< In + Jn + Kn. 

The term /„ is the easiest term to treat. Indeed, by Assumption (163|) we have 

(65) \\Vn\\L°°{[Q,T];C) < 



^477 1 + e 



for some e > and n large enough. This leads by similar arguments to the ones 
used in the proof of the subcritical case 

||/(t;n)|lit\(K2. <C7e^^('-'')ll''"ili- / (e^-(i+3''>" - l)da;. 
^ ' 7r2 

In view of (165|) and the Logarithmic inequality, we obtain for < < | and n large 
enough 

ll/(^n)||it+r,([o_r]^L2+„(]g2)) < C{t],T){T^ + ||fn||L4([0,T]),Ci/4))^, 

with 9 = ^ 0<A — It follows by Strichartz estimate that (/(fn)) 

is bounded in L^+'i{[0,T]; L^+^^iR^)). 

Since f„ solves the linear Klein-Gordon equation with Cauchy data weakly con- 
vergent to in X L^, we deduce that (f„) converges weakly to in H^{[0, T] x M^). 
This implies that f{vn) converges to in measure. This finally leads, using Proposi- 
tion [SiTni the fixed support property and interpolation argument, to the convergence 
of the sequence if{vn)) to in L'^{[0,T]; L'^{R'^)). 

Concerning the second term J„, we will show that 

(66) Jn < Sn ||Wn||sT(7), 

where e„ — )■ 0. 

Using Holder inequality, we infer that 

Jn = ||/'(^^n) W„||l1([o,T];L2(m2)) < 11^" II ^1+^ (p^^].^2+| ^^2)) II /'(^n) IUi+"([0,T];L2+2^(k2)) 

Arguing exactly in the same manner as for /„, we prove that for rj < tjq small enough 
the sequence {f'{vn)) is bounded in L^+''([0, T]; L^*^^+^)(]R^)) and converges to in 
measure which ensures its convergence to in i^^([0, T]; L^(]R^)). Hence the sequence 
{f'ivn)) converges to in L^+''([0,T]; L"^^"^^ {R?)) , for rj < rjo, by interpolation argu- 
ment. This completes the proof of ( 166|) under the Strichartz estimate ( l53|) . 
For the last (more difficult) term we will establish that 

(67) Kn ^ Sn ||'W^n|lsT(/)' ~^ 0, 
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provided that 

1 -LV4^ 



(68) limSUp \\Wn\\L--{[0,T];m) < ^ 

By Holder inequality, Stricliartz estimate and convexity argument, we infer that 

< ||'"^n||sT(/) (ll/"('^^n)l|Li+i([0,T];L2+2'7(R2)) + || /" (^n) || L1+'7([0,T];L2+2'7(R2))) . 

According to the previous step, we are then led to prove that for r] small enough 

(69) ||/"(Mn)||Li+'7([0,T];L2+2^(IK2)) . 

Arguing exactly as in the subcritical case, il suffices to establish that the sequence 
(/"(m„)) is bounded in L^+'^''{[0,T]] L'^+^'"'(R'^)) for some 7]o > 0. Let us first point 
out that the assumption fl68l) implies that 



limSUp ||u„||l-'([0,T];£) < limSUp ||w„||loo([o,T];£) + hmSUp \\Wn\\L^(lO,T];C) 
n—>oo n— >oo n— >oo 

^ L ~^ 7= ll'W^n||L°°{[0,T];_f/i) 



2 V VAtt J V47r 



This ensures thanks to Remark [3.1 5 I the boundedness of the sequence (m„) in L^{[0, T],C^^^) 
which leads to f l69p in a similar way than above. Now we are in position to end of 
the proof of Theorem 13.51 According to fl66|) - f l67|) . we can rewrite f l65|) as follows 

(70) X„(r) + X„(T)2, 

where X„(T) := ||wn||sT([o,T])- In view of Lemma [3l9| we deduce that 

x„(r)<£„. 



This leads to the desired result under f l68|) . To remove the assumption ( 168|1 . we use 
classical arguments. More precisely, let us set 



(71) 



T* := sup < < t < T; limsup ||wn||L°°([o,i];Hi) < \ 



where v := . Since Wn{0) = 0, we have T* > 0. Assume that T* < T and 

apply the same arguments as above, we deduce that X„(T*) — > 0. By continuity this 
implies that limsup^_^oo \\'>^n\\ {[o,t* +e];H'^) ^ ^ ioi some e small enough. Obviously, 
this contradicts the definition of T* and hence T* = T. 

4. Appendix 

4.1. Appendix A: Some known results on Sobolev embedding. 

Lemma 4.1. iJ^(]R^) is embedded into L^(]R^) for all2 <p < oo but not in L°°{R'^). 
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Proof of Lemma \4-l\ Using Littlewood-Paley decomposition and Bernstein inequal- 
ities (see for instance pjj), we infer that 

\\v\\lp < 5Z ll^i^ll^-^' 

< CJ2 2~^2^'||Aj-t;||i2. 

Taking advantage of Schwartz inequahty, we deduce that 

1 

\V\\lp 



i>-i 

which achieves the proof of the embedding for 2 < p < oo. However, iJ^(]R^) is not 
included in L°°(]R^). To be convenience, it suffices to consider the function u defined 
by 

u{x) = ip{x) log(— log |a;|) 
for some smooth function ip supported in -8(0, 1) with value 1 near 0. □ 

It will be useful to notice, that in the radial case, we have the following estimate 
which implies the control of the L°°-norm far away from the origin. 

Lemma 4.2. Let u G Hl^^iM?) and 1 < p < oo. Then 

\u{x)\<-^\\u\\f'\\Vu\\f\ 

j'2+p 

with r =\x\. In particular 

(72) \u{x)\ < ^ llMllillVwIlJ^ < ^ Mm. 

r 2 r 2 



Proof of Lemma 4-2 By density, it suffices to consider smooth compactly supported 
functions. Let us then consider u{x) = (p{r), with ip G P([0,oo[). Obviously, we 
have ^ 

Hence 

|^(r)|f+i < ^ f \^'is)\\^ist^sds, 

P + 2 E 

< L2 \\u\\lp. 

This achieves the proof of the lemma. □ 

Remark 4.3. In the general case, the embedding of H^{M.'^) into L^(]R^) is not 
compact. This observation can be illustrated by the following example: Un{x) = (f{x+ 
Xn) with ^ (f & V and — )■ oo. However, by virtue of Rellich-Kondrachov's 
theorem, this embedding is compact in the case of H\-{E?) the subset of functions 
of H^{E?) supported in the compact K. Moreover, in the radial case, the following 
compactness result holds. 
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Lemma 4.4. Let 2 < p < oo. The embedding H^^^lM."^) in L^(]R^) is compact. 



Proof of Lemma 4^ The proof is quite standard and can be found in many refer- 
ences (see for example [5l [2U Il5]). We sketch it here for the sake of completeness. 
(un) being a sequence in if^^^(M^) which converges weakly to m G H^^^iM."^), let us 
set Vn := Un — u. The problem is then reduced to the proof of the fact that ll^nlUp 
tends to zero. On the one hand, using the above Lemma, we get for any i? > 0, 



p-2 



\Vn{x)\^ dx = j \Vn{x)Y' \Vn{x)\^ dx < CR 2 

'\x\>R J\x\>R 

On the other hand, we know by Rellich-Kondrachov's theorem that the injection 
< R) into L^'da;! < R) is compact. This ends the proof. □ 

Remark 4.5. if^^^(]R^) is not compactly embedded in L^(]R^). To see this, it suffices 
to consider the family Unix) = ^e~'~' where (an) is a sequence of nonnegative 
real numbers tending to infinity. One can easily show that (un) is bounded in 
but cannot have a subsequence converging strongly in . 



4.2. Appendix B: Some additional properties on Orlicz spaces. Here we 
recall some well known properties of Orlicz spaces. For a complete presentation and 
more details, we refer the reader to [52]. The first result that we state here deals 
with the connection between Orlicz spaces and Lebesgue spaces and L°°. 

Proposition 4.6. We have 

a) (L*^, II ■ \\i4,^ is a Banach space. 

b) L'^nL'^ C C + L°°. 

c) IfT : with norm Mi and T : ^ with norm M^, then T : L't' ^ 
L't' with norm < C{(f)) sup(Mi,Moo). 

The following result concerns the behavior of Orlicz norm against convergence of 
sequences. 

Lemma 4.7. We have the following properties 

a) Lower semi- continuity: 

Un ^ u a.e. =^ ||m||£ < liminf ||m„||£. 

b) Monotonicity: 

\ui\ < \u2\ a.e. =^ \\ui\\c < \\u2\\c- 

c) Strong Fatou property: 

0<Un/'u a.e. =^ ll^^nlU ll^ilk- 

Let us now stress that besides the topology induced by its norm, the Orlicz space 
C is equipped with one other topology, namely the mean topology. More precisely. 

Definition 4.8. A sequence (un) in C is said to be mean (or modular) convergent 
to u E C, if 
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It is said strongly (or norm) convergent to u E C, if 

\\Un - U\\c > 0. 

Clearly there is no equivalence between these convergence notions. Precisely, the 
strong convergence implies the modular convergence but the converse is false as 
shown by taking the Lions's functions fa- 

To end this subsection, let us mention that our Orlicz space C behaves like for 
functions in fl L°° . 

Proposition 4.9. For every > and every function u in n L°° , we have 

ll"ll|,oo 



1 e 
(73) ^ ||m||l2 < < /i H ^||m||l2. 



Proof. The left hand side of fl7^ is obvious. The second inequality follows immedi- 
ately from the following simple observation 



A > /i + ^ ^ \\u\\l2 )> C <j a > ; / ( e"^ - 1 ) dx < k 



ikiiioo 



Indeed, assuming A > /i + ° ^ — , we get 



e^^ -1\ dx < I ' y e^^ dx 

< -^\\u\y 

< K. 



□ 

4.3. Appendix C: BMO and C. Now, we shall discuss the connection between the 
Orlicz space C and BMO. At first, let us recall the following well known embeddings 

^ BMO n L^, ^ BMO ^ B^^, ^ C ^ p| L^. 

2<p<oo 

However, there is no comparison between C and BMO in the following sense. 

Proposition 4.10. We have 

£^BM0nL2 and BMO n £. 

Proof of Proposition \4-l(^ Let us consider ga{r,9) = fa{T)e^^ and Ba = B{0,e~^). 
Clearly we have 

9a = 0- 
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Moreover 



2e / \ — rdr+ , r dr 



Ba\ Jb^ Jo V 27r J^-,, V27ra 



2^27? 2V2TTa 
Hence 

II^'qIIbmo ~^ as a — )■ cxD . 
Since HfifalU = H/alU — we deduce that 

£ BMO n . 

To show that BMO fl is not embedded in C, we shall use the following sharp 
inequality (see [26] ) 

(74) < Cg||M||BMonL2, ? > 2, 
together with the fact that (for u ^ 0), 

(75) / (e -\\dx<K. 

Indeed, let us suppose that BMO fl is embedded in L. Then, for any integer 

g>i, 

which contradicts fTM]) since 

(g!)^/^^~e-V^V^, 

where ~ is used to indicate that the ratio of the two sides goes to 1 as g goes to 
oo. □ 
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